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Abstract—In this paper, to characterize the predictability of
discrete-time continuous-state stochastic dynamical system (SDS)
and use predictability to explain the probability of making
accurate predictions, we have proposed a new performance
metric, i.e., predictability exponent. This metric quantifies the
asymptotic exponential decaying rate of the probability that
prediction errors never exceed a fixed ¢. The novelties of this
predictability metric lie in that it is proposed from an asymptotic
probabilistic perspective, which i) minimizes the exponential
decaying rate of prediction probability, ii) holds an approximated
expression deeply related with differential entropy within an
error of O(¢), and iii) possesses a fast converging speed from finite
decaying rate of O(e’K ) in the sense of probability. Numerical
examples are given to illustrate the efficiency of the obtained
results.

I. INTRODUCTION

A Stochastic Dynamical System is a dynamical system
subjected to the effects of stochastic noise. Predictability of
stochastic dynamical system aims to characterize to what
extend the future states of an SDS can be accurately pre-
dicted. With rapidly blooming of various modern prediction
techniques, such as deep learning and reinforcement learning,
it brings emerging theoretical challenges to the predictability
analysis of an SDS. On the one hand, different prediction
methods have different performance limits, black-box struc-
tures of deep neuron networks make prediction performance
analysis difficult. On the other hand, large scale stochastic
dynamical system suffers from uncertainty and volatility,
therefore prediction and validation tasks cost a lot in practice.

Entropy, as an information-theoretic quantity, is intuitively
used to measure the predictability of outcomes in a stochastic
event. A large amount of researches ( e.g., [1]-[9]) have been
devoted to characterizing predictability by entropy. [1]-[3]
consider predictability as system’s sensitivity to initial error
and have found great applications in meteorology. [4]-[7]
either directly use entropy or define entropy-based quantities
to measure the predictability of various Markov decision
processes (MDP), and use these entropy-based indexes to
give performance analysis on specific prediction tasks. These
analyses view the prediction performance from the perspective
of information theory rather than from traditional methods,
such as root-mean-square-error (RMSE), patter correlation
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(PC) and probability, etc. The authors in [8], [9] characterize
the uncertainty of system trajectories by entropy, then use
Fano’s inequality to derive a probabilistic upper bound to
estimate predictability. Due to the probabilistic description,
these works circumvent the indirect information-theoretic ex-
planation caused by entropy. However, most of these excit-
ing conclusions about predictability are based on stochastic
systems with finite states, such as finite states MDP, finite
targets of motion, etc. Therefore, this characterization cannot
describe stochastic dynamical systems with not necessarily
finite states. To evaluate the predictive performance for SDS
with infinite states, [10] specified some proper scoring rules
to evaluate the asymptotic performance, in a sense that any
sequential prediction cannot do better than the oracle based
on the knowledge the data-generating process in advance.

Recently, [11], [12] have studied the one-step accurate
prediction probability and designed unpredictable strategies
accordingly, and their min-max strategies are robust when
noises are not necessarily bounded. However, a specific def-
inition on predictability considering prediction accuracy is
still an open and challenging issue. In this article, we extend
the characterization on predictability of stochastic dynamical
systems from the finite state case to the the infinite state
case. Moreover, our metric is defined directly from prediction
performance, i.e., the asymptotic exponential decaying rate for
the probability that prediction errors never exceed a fixed e.

This new metric is partially motivated by the following rea-
sons. First, entropy cannot be directly used in the case where
stochastic systems have infinite states. A simple example is
that Shannon entropy of a uniform distribution on N states
will explode to infinity as /N approaches to infinity, not to
mention the case that state is of uncountable scale. Second,
even in the finite case, entropy is indirect in quantifying
prediction performance and gives an information-theoretic
explanation on uncertainty. Therefore, we need a predictability
metric that can directly quantify the prediction performance,
such as the probability of making accurate predictions. Third,
a trajectory of states generated by a stochastic dynamical
system, instead of completely irregular, actually possess some
asymptotic statistical rules. These rules usually do not rely
on the realization of state trajectory, but rather, the stochastic
system itself. Hence asymptotic characterization of stochastic
dynamical system is reasonable.

The main contributions are summarized as follows.

o We propose a new metric to characterize the predictability

of stochastic dynamical system with infinite states and



use predictability to explain the probability of making
accurate predictions.

e We prove an approximated expression of the proposed
metric, which is deeply related with differential en-
tropy. Moreover, it shows that the approximation error
is bounded of scale O(e).

o It is found that the finite-steps decaying rate of accurate
prediction probability converges to the asymptotic decay-
ing rate with a quick speed of scale O(e~X), and this
convergence is ensured in the sense of probability.

The remainder of this paper is organized as follows. Section
II gives basic preliminaries and describes the problem of inter-
est. The discretization method and evaluation of predictability
are presented in Sec. III. Simulation results are shown in Sec.
IV, followed by the concluding remarks and further research
issues in Sec. V.

Through out this paper, we always use capital letter to
denote random variable while lower-case letter to denote
numerical variable. For a sequence {a;}} ,, we use [y 1O
denote its sub-sequence {as,as41,- - ,a:}. Specifically, we
use z[1.x] to denote a possible path of ®’s states.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. Problem Formulation

Consider a discrete stochastic dynamical system, denoted

by ®, as follows
o.d Xern = F(Xpu) + Wy
| Yk = g(Xk,ux)

where X}, € R? is state vector, W}, € R¢ is noise, uy, is input,
Y}, is output, ¢ is a d dimensional probability density function
of Wy, and f and g are two given functions.

Wema g

Assumption 1. Using historical data Y| can deduce the
value of xy, ie., T[1.5) can be obtained when Y[y.y) are given.

Suppose that a predictor will make a rolling prediction on
system . Rolling prediction from time step 1 to time step
K means iterative one-step prediction at time step ¢, where
1 < t < K. However, even though ® is known to this
predictor, error is unavoidable. This unavoidable error is an
inherent property of a stochastic dynamical system, which is
also an upper bound of rolling prediction performance. This
concept is widely referred to as predictability, but badly in
short of quantitative research.

To characterize the upper bound of rolling prediction per-
formance, we use probability as prediction performance.

Definition 1 (rolling prediction probability). Suppose ® has
generated a series of states x[.x) during the time interval
[1, K], then the probability that rolling prediction error at each
step doesn’t exceed ¢ is denoted as Pc(w[1.k1):

K

Pe(zpik)) = H P(| Xkp—1 — Trlloo <€) 2)
k=1

where Xy ,_1 is a prediction of Xy, at step k — 1.

Remark 1. Although rolling prediction probability is self-
evident and powerful to characterize the ability to make
accurate rolling prediction on ®, it fails to characterize system
predictability because of its dependence on the value of x|y, .

Notice that Pc(x[1.x]) will converge to 0 when K ap-
proaches infinity regardless of x[;.x), a natural guess is
whether the converging speed still doesn’t depend on x[;.j.
This hypothesis will be confirmed to be right in the following
sections. Therefore, we characterize the system predictability
by evaluating the asymptotic exponential decaying rate of
Pe(z[1:x]), and give the following definition.

Definition 2 (predictability exponent). Given accuracy e, the
predictability exponent of ® is denoted as T.(P):

1
Z.(P) £ liminf T In 'Pe(l‘[l:[{}) 3)

K—o0

Actually, Z.(®) is actually the limit of the exponential
decaying rate of rolling prediction probability, it not only has
an elegant expression related with entropy, but also has a fast
converging speed of O(e~%). To fully taste this impressive
interconnection between dynamical system and information
theory, some preliminaries on entropy is necessary. To bridge
the discrete world and continuous world and successfully
evaluate Z.(®), some preliminaries on discrete approximation
theory is indispensable.

B. Preliminaries on Entropy

In this part, we define Shannon entropy, differential entropy
and KL-divegence in reference to the classical textbook [13].
The entropy of a probability vector v = [vy,--- ,v,|T is

H(v) & —Zyilogyi
i=1

The KL-divergence of a probability vector v =
[v1,-+,vn]T with respect to another probability vector y =

(11, -+, ] is given by
n Vg
Dic(v|p) 2 vilog "
i=1 v

An important property of KL-divergence is that Dicz (v | p) >
0 and the equality hold if and only if v = p.

The differential entropy H(X) or H(f) of a continuous
random variable X with density f(z) is defined as

HX) = - [ f(o)log f(a)do
s
where S is the support set of the random variable.

C. Preliminaries on Discrete Approximation
A finite partition of a space (2 is defined as
1=
SE QAL A | Q= JAn AN A =0Vi# |
i=1

where we use |X| to denote the number of elements in X.
There are many methods to partition €2, for example, uniform



grid partition of a square into k X k equal-sized squares is the
most familiar one.

Generally we treat 3 as a set composed of small regions,
sometimes it’s more convenient to treat it as a label function,
which assigns each point in X a label. This is because partition
¥ naturally induces a map © : Q — {1,2,---, , where

1=

z) =Y I, (2)i @)
=1

Since each point x in €2 uniquely belongs to a region of ¥, and
suppose this region is A;, then the label function © assigns it
value 7.

A discretization of €2 naturally induces a step-wise function
¢x to approximate q:

=]

2= Y Lao) [ atw)du ©

Ay
where ¢s; assigns each point z in 2 with the value of
f q(u)du if ©(x) = 4. The finer the partition is, the better

the approximation will be.

III. MAIN RESULTS

First, we apply discretization methods to rolling predic-
tion probability, which leads to a discrete version of rolling
prediction probability. Second, we evaluate discrete rolling
prediction probability and use it to approximate the continuous
one. Third, an asymptotic analysis on rolling prediction prob-
ability is made to derive expression of predictability exponent.
Finally, a large deviation result is given on predictability
exponent to show that exponential decaying rate of rolling
prediction probability converges to predictability exponent
with the speed of O(e~¥).

A. Discretization

Given a partition 3. of ¢ and a label function ©(z) induced
from it, we can propose a discrete version of rolling prediction.

Definition 3 (discrete rolling prediction). During time 1 to
time K, ® has generated a trajectory of states x|, where
x; ~ X; V1 < i< K. Then,

HIP

The only difference between discrete rolling prediction and
continuous version is the accuracy requirement: the continuous
version requires the distance between predicted state and
real state less than a given tolerance ¢, while the discrete
version requires predicted state and real state to be located in
the same region defined by partition 3. However, this small
difference has not only transformed a continuous problem to a
discrete one, but also made the evaluation of rolling prediction
probability tractable.

From the perspective of empirical distribution, the proba-
bility of discrete rolling prediction can be evaluated neatly as
the combination of Shannon entropy and KL-divergence.

O(wy)] (6)

»(wi:k))

Theorem 1 (evaluation of Pg(wu: k]))- Consider the discrete
rolling prediction, we have

Ps(wp:k)) = exp{—K[H(qs k) + Dxr(gs x|lg=)]}  (7)

where qx ik is the empirical distribution of wyy.x):

b3y K
gz, (u Z Z A, (w;)

Proof. Suppose the discrete distribution on {A4; }
by the step-wise function ¢y is:

_, induced

p(i) = gs(xo) where z¢ € A;

And the discrete distribution on {A; }
wise function ¢x,  is:

_} induced by the step-

pK(i) = QE,K(«TO) where x¢ € Ai

According to the definition of discrete rolling prediction
probability, there is

K
Pe(wi.k) = [ [ POW:) =

I
—>
Q
v
S
z

K
=1 p(n) where N,, = ZI[An (wy)
k=1

The point to be emphasized is that the last equality is doing
a classification of series {gs( wk) , based their values, and
gather the same values together. For example after enumera-
tion of this series we found that N,, values are exactly p(n),
so their product can be gathered simply as p(n)™~.

Another observation is, the distribution induced by step-
wise function gsx; i has the property that

2] K
1
pr(n) = 4 ZHA] (u)Z]IA (w;) where u € A
j=1 i=1
LS ()
K A, Wk
k=1
Np



Therefore, we continue to find that
DY

Hp
Bl

=exp{K Y px(n)In
n=1
13|

=expl-K[- 2 pito

(W)
(p(n))}

) In(px (n))

the proof is completed.
O

The introduction of empirical distribution ¢x g gives
Ps(wpi:x)) a beautiful expression related with information
theory. This theorem is quite instructive in two perspectives:
on the one hand, discrete rolling prediction is decided by the
uncertainty of gx, x and the distance between ¢sx x and gs.
While ¢x is fixed, only gs x will change as K approaches
infinity. On the other hand, discrete rolling prediction proba-
bility has an exponential decaying trend against time, and the
decaying rate at each time step is explicitly expressed.

The from of discrete rolling prediction probability drives us
to find the relationship between it and continuous version. We
have discovered an inequality relationship between Py (wj;.x1)
and Pe(w[l;K]):

Lemma 1 (sandwich lemma). Pc(wpi.x)) is bounded by
Ps(wp.k7) in the following sense

Ps(wp: k1) < Pe(wp:k)) < max Ps(wp: k1)
®)

max
{Z|diam(X)<e}

where diam(X) £

e s e = vllee

Proof. The proof is omitted due to the limit of space. See [14]
for details. O

Motivated by Lemma 1, we confirm the existence of a spe-
cial partition to evaluate P(wj.x]) in the following theorem.

Theorem 2 (existence). For ¥V € > 0, there exist a partition
Y*(K), such that

Pe(wii:x]) = Pe (k) (Wi:x]) 9

Proof. Suppose space Y is composed of all partitions of RY,
to make Y a metric space , we use the partition distance metric
D(-,-) which has been defined in [15] [16]:

D(P,Q) =min {M(A°): 0 c ACRY P*=Q"}.
where PA is a partition of set A induced by P, which means
if P= U B; then P4 = U(B NA).

=1
Intultlvely, partition distance D(P,Q), between P and Q
is the minimum measure of set that must be deleted from

R4, so that the two induced partitions (P and @ restricted to

the remaining elements) are identical. It’s trivial to verify that

D(-,-) satisfies all the three requirement of a distance metric.
Consider this functional operator:

FY =R
Y= Ps(zp:k)
According to theorem 1, there is
F(X2) = exp{=N[H(gs,x) + Drr(gs,kllg=)]}

where gx i is the empirical distribution of wyy.k:
1=

ZHA )ZHAj(wi)

and qg is the discretized step-wise function of ¢:

2= L) [ atu)du

QEK

A;
Next, we prove that F is continuous at any point in
]
Y. Continuity means that, for any ¥ = (JA4; € Y
i=1
. . . . |21L|
and any converging partition series {¥" = |J AP}oe,, if

nhHH;O D(X,,%¥) =0, we have
nlgr;@]—"(E ) =F(%)

According to the converging definition of partition series,
Vv > 0, 3N € N such that Vn > N there is D(X", %) < .
Consider Vx € RY, and suppose z € A;. When n > N we
have A} € ™ such that M(A;AA}) <, here M(-) means
the Lebesgue measure.

Firstly, we prove the continuity of ¢x:

|qg( ) — qsn ()] i
4}3% /’ wdu =Y Lap(o) [ atw)dul
=1 A?
—|/ du—/ (u)dul
A
iA@mu

Since lim M(A;AA}) =0, then we have
n—oo

Jim gz (2) = gon ()] = 0
Secondly, we prove the continuity of gx x:

(@)
B2l K 1
f|—Z]IA )Z]IAJ(wl)fg

—Q%M%)

lgs, k() — gsn K
=" K

\
S Ly (@)Y L (w)]

i=1

— Lap (w:))]



Since lim M(A;AA}) =0, we have

n—oo
K
Jim D (4, (w;) = Lag (wi)) =0
i=1
Finally, the above two results lead to the continuity of
F(X) because H () and Dy .y are continuous functions. The
bounded inequality

(5] i) <} Pe(wp:k) < Pe(wpx) < max Ps(wp.x))

suggests the existence of ¥,,>; € Y such that
Ps, (wp:k)) < Ps(wix)) < Ps, (wpi:k))

A general intermediate value theorem [17] admits the exis-
tence of X*(K) € Y such that Py (k) (wp: k1) = Pe(wpi:k1)-
and the proof is completed. O

The significance of knowing the existence of ¥*(K) is
that the problem of continuous rolling prediction probability
has been completely transformed to the evaluation of discrete
version. However, this transformation is only a formal method,
and existence theorem itself doesn’t ensure a practical algo-
rithm to design *(K).

B. Evaluation

When K is approaching infinity, the law of large number
ensures that empirical distribution ¢x shall have no difference
with gs+, therefore the rolling prediction probability will only
depend on ¢s+, and predictability exponent can be derived by
the entropy of gs«.

Theorem 3 (predictability exponent). Let X*(K) be the
special partition ensured by theorem 2, then

7.(®) = Jim_Higs- o)
In(gs+ (k) (2))

g+ (k) ()

T (®; @) is O(e X)) in the sense of probability:

(10)

Let L = max— , the converging speed toward
x

Kt2

1 _
P(| = 4 In Py o) (wpnere)) — Ze(@)] > 1) < 27207 (1)

Proof. Suppose the discrete distribution on {Ai}gz(ml in-

duced by the step-wise function gy is:

p(i) = gz~ (k) (z0) Where 2o € 4;
And the discrete distribution on {A;} LZ(K)I
step-wise function gs+ i is:

induced by the

pK(Z) = qz*(K)’K(xo) where zg € A;

Then

1
Z.(®) = limsup % InPe(z1:x])

K—oo

1

= 1' S —il * B

msup — 2 In Py 1) (@ 1:5c))
|=*(K)|

= limsup — Z px (n) In(p(n))

K—oo n—1

According to strong law of large number, we have
lim pg(n) = p(n), therefore
K—oo

= (50|
Z.(®) = limsup — > pr(n)n(p(n))
| = (1)
= lim - ; pr(n)In(p(n))
= (50|
== Y p(n)n(p(n))
n=1
:H(QE*(K))

Now consider

1
P(l = 5o 0Py (W) = Ze(®)] 2 1)

=P(|H(gs+(k),x) + Drr(qs+(x),kllas) — H(gs+ (k)] > 1)
[2*(K)|

B Y o)) —mn»“ﬁfm > 1)
\Ef(ll_()\ "
<B( Y plm)lp(n) — px(n)] = 1)

According to Hoeffding inequality, Vn € [1, |E*(K)|] we have

t oK
P(lp(n) — pxc(n)] = ) < 2¢ 245
|5 (K)|

Together with the fact that > p(n)|p(n) — pr(n)| <

n=1
}, it follows that

max{[p(n) — pic (1)

1= (K]
t 2
(Y. p)lp(n) - pic(n)| = 7) < 27255
n=1
The proof is completed. O

When X* is given, an explicit expression of Z.(®) is
derived. However, we usually only know the existence of ¥*
but not the accurate form of it. Thus, an approximation of
Z.(®) is needed.

Theorem 4 (approximation of Z.(®)). For a SDS, ®, with
known structure, Z.(®) can be approximated as H(q) —

dlog(2¢) with error guaranteed by following inequality
[ Z.(®) — H(q) + dlog(2€)| < d2¢(q) (12)

where H(q) is the differential entropy of q, d is the dimension
of state, and

belq) = |In(g(z)) — In(q(y))|

Proof. The proof is omitted due to the limit of space. See [14]
for details.

max
lz—ylloo <e

O

This theorem gives an accurate approximation to Z. (%), and
the error is controlled by ds.(q). It should be noted that é.(q)
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Fig. 1. Asymptotic decaying rate simulations for three different trajectories
which have the same settings on model parameter and initial state.

reflects to what extend g can vibrate in a local region with
diameter less than €. Take Gaussian distribution § = N (p1, 0'?)
for example, there is J.(q) < 26722 Furthermore, for any dis-
tribution ¢ with bounded support, the probability distribution
must be uniformly continuous, therefore d.(q) = Of(e). As
a result, this approximation leads to an error approximately
O(e), and that’s quite satisfying.

IV. SIMULATION

In this section, we simulate rolling prediction on a randomly
generated linear stochastic dynamical system driven by Gaus-
sian noises, then verify that asymptotic prediction probability
decaying rate can be approximated by H(q) — dlog(2¢) with
error of scale O(e).

A. Simulation Setup
We consider a linear SDS as follows.
P - { Xi41 = AXp + W, Wy NN(/J,E)
Ny _

Xk
where X, € R2. We randomly generate A,u, 3, and normalize
> to have spectral radius 1 without loss of generality. Setting
the accuracy tolerance € to be 0.1 and the time step to be 400,
we generate several state paths of @ starting from a random
initial state. Then we calculate the decaying rates of P, (z[L K])
for each state path.

13)

B. Results and Analysis

Driven by the stochastic noises, the same initial state can
evolve into totally different trajectories even they have the
same SDS model. Fig. 1(a) has simulated three possible
state trajectories of ®, and Fig. 1(b) presents the relationship
between their exponential decaying rate and time steps.

First, the approximation performance of H(q) — dlog(2¢)
is verified to be correct. As 1(b) shows, all the trajectories of
decaying rate converge to the same red dotted line (which
is the theoretical asymptotic decaying rate). Moreover, if
we zoom in the graph, it is clear that the approximation
error is bounded by 0.05, which is of the same scale as
€. Therefore, Theorem 4 indeed gives an both elegant and
accurate approximation to the predictability exponent Z,(P).

Second, the converging rate is quite fast. Fig. 1(b) shows
that all trajectories approaches red dotted line in less than 50

time steps, this quick convergence is ensured by the concen-
tration inequality in Theorem 3 in the sense of probability.

Third, the fact that different trajectories generated from the
same SDS hold the same asymptotic decaying rate has recon-
firmed the advantage of predictability exponent. This metric is
defined directly from probabilistic prediction performance and
does not depend on specific state trajectory generated from a
SDS, therefore it views different trajectories in Fig. 1(a) as
having the same predictability.

V. CONCLUSION

In this paper, we studied predictability of a SDS by in-
troducing a new probabilistic performance metric, i.e., the
exponential decaying rate of the probability that the prediction
error never exceed a given €. The proposed metric is defined
directly from the prediction performance rather than intu-
itive entropy-based characterization, therefore able to directly
quantify to what extend a SDS can be accurately predicted.
Moreover, an elegant approximation of this metric is available,
which is deeply related with the differential entropy of SDS.
This impressive fact provides a better understanding of the
relationship between predictability and information theory.

The future work includes two interesting directions. One is
to extend the existing results into the case where model is
unknown to the predictor, while the other one is to apply the
predictability metric to the design of unpredictable stochastic
dynamical system.
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